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Abstract. Bremke and Xi determined the lowest two-sided cell for affine 
Weyl groups with unequal parameters and showed that it consists of at most 
| Wo | left cells where Wo is the associated finite Weyl group. We prove that this 
bound is exact. Previously, this was known in the equal parameter case and 
when the parameters were coming from a graph automorphism. Our argument 
uniformly works for any choice of parameters. 



1. Introduction 

This paper is concerned with the theory of Kazhdan-Lusztig cells in a Coxeter 
group W, following the general setting of Lusztig (7j- This involves a weight function 
L which is an integer-valued function on W such that L(ww') — L(w) + L(w') 
whenever £(ww') — £{w) + £(w') (£ is the usual length function on W). We shall 
only consider weight function such that L(w) > for all w ^ 1. The case where 
L = £ is known as the equal parameter case. 

The partition of W into cells is known to play an important role in the study of 
the representations of the corresponding Hecke algebra. 

Here, we are primarily concerned with affine Weyl groups. Let W be an irre- 
ducible affine Weyl group, together with a weight function L. Let Wo be the finite 
Weyl group associated to W. 

In the equal parameter case, Shi [8] described the lowest two-sided cell cq with 
respect to the preorder <lr using the Lusztig a-function (see [7] for further details 
on the a-function) as follows 

c = {w <E W\ a{w) = £(w )} 

where wo is the longest element of Wq. Then, he gave an upper bound for the 
number of left cells contained in Co, namely \Wq\. In [9], he showed that this 
bound is exact and he described the left cells in cq . His proof involved some deep 
properties of the Kazhdan-Lusztig polynomials in the equal parameter case, such 
as the positivity of the coefficients. 

Using the positivity property, Lusztig ([6]) proved, in the equal parameter case, 
a number of results concerning the a-function, such as 

(P4) if z < LR z then a(z) > a(z') 

and 

(Pll) if z <lr z and a(z) = a(z') then z ^lr z ' . 

Since we know that a(z) < £(wq) for any z € W, this shows that cq is the lowest 
two-sided cell with respect to <lr- 
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In the unequal parameter case, the positivity of the coefficients of the Kazhdan- 
Lusztig polynomials does not hold anymore. However, Bremke [2] and Xi [10] 
proved that the lowest two-sided cell cq can be described in the same way as in [8], 
using the general a-function. Let J be a subset of S and consider the corresponding 
parabolic subgroup Wj = (J). We denote by wj the longest element in Wj. Let 



Let S be the set which consists of all the subset J of S such that Wj ~ Wq and 
L{wj) = v. Then we have the following alternative description of cq, and it is this 
description with which we work throughout the paper 



where for any x,y,w G W the notation w = x.y means that w — xy and £(w) — 
£(x) + £(y) (and similarly w = x.y.z for w, x,y,z G W). 

In [2], Bremke showed that cq contains at most \Wq\ left cells. She proved that 
this bound is exact when the parameters are coming from a graph automorphism 
and, again, the proof involved some deep properties of the Kazhdan-Lusztig poly- 
nomials in the equal parameter case. 

In this paper, we will prove that \Wq\ is the exact bound for the number of left 
cells in cq for any choice of parameters; see Theorem 14.61 The method is based 
on a variation of the induction of left cells as in [3]. The main new ingredient is a 
geometric argument to find a "local" bound on the degree of the structure constants 
of the Hecke algebra of W with respect to the standard basis; see Theorem l2.41 Our 
proof uniformly works for any choice of parameters. 

2. Multiplication of the standard basis and geometric realization 

In this section, we introduce the Hecke algebra of a Coxeter group with respect 
to a weight function. Then, we present a geometric realization of an affine Weyl 
group. Finally, using this geometric realization, we give a bound on the degree of 
the structure constants with respect to the standard basis. 

2.1. Weight functions, Hecke algebras. In this section, (W, S) denotes an 
arbitrary Coxeter system. The basic reference is [7]. Let L be a weight function. 
In this paper, we will only consider the case where L(w) > for all W ^ 1. A 
weight function is completely determined by its value on S and must only satisfy 
L(s) — L(t) if s and t are conjugate. 

Let A = Z[i>,t> -1 ] and TL be the generic Iwahori-Hecke algebra associated to 
(W, S) with parameters {L(s) | s 6 S}. TL has an ^l-basis {T w \ w £ W}, called the 
standard basis, with multiplication given by 



v 



max L(wj). 

JCS,Wj~W 



Then, we have 



{w G W\ a(w) = D}. 



cq = {w £ W\ w = x.wj.y, x,y € W, J G S} 




(here, "<" denotes the Bruhat order) where seS and w G W. 
Let x, y G W. We write 
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where f x ,y,z G A are the structure constants with respect to the standard basis. 

In this paper, we will be mainly interested in the case where W is an irre- 
ducible affine Weyl group (with corresponding Weyl group Wo). In that case, it is 
known that there is a global bound for the degrees of the structure constants f x ,y,z- 
Namely, set v = £(wq), v = L(wq), where wq is the longest element of Wo, and 
£ s = v L ^ - u -i M for s G S. In '.2j. Bremke proved that 

(1) As a polynomial in £ s , s G S, the degree of f w , y ,z is at most v 

(2) The degree of f x ,y,z in v is at most i>. 

Our aim will be to find a "local" bound for the degrees of these polynomials, 
which depends on x, y G W. For this purpose, we will work with a geometric 
realization of W, as described in the next section. 

2.2. Geometric realization. In this section, we present a geometric realization 
of an affine Weyl group. The basic references arc [2, 5, 10J. 

Let V be an euclidean space of finite dimension r > 1. Let $ be an irreducible 
root system of rank r and $ C V* the dual root system. We denote the coroot 
corresponding to a S $ by a and we write (x, y) for the value of y G V* at x G V. 
Fix a set of positive roots $ + C $. Let W be the Weyl group of For a G $ + 
and n G Z, we define a hyperplane 

H a , n = {x G V | (x, a) = n}. 

Let 

F={H a , n a G $ + , n G Z}. 
Any H ^ T defines an orthogonal reflection <7jy with fixed point set H . We denote 
by Q, the group generated by all these reflections, and we regard fl as acting on the 
right on V. An alcove is a connected component of the set 

V- \JH. 

Her 

acts simply transitively on the set of alcoves X. 

Let S be the set of Sl-orbits in the set of faces (codimension 1 facets) of alcoves. 
Then S consists of r + 1 elements which can be represented as the r + 1 faces of an 
alcove. If a face / is contained in the orbit t G S, we say that / is of type t. 

Let s G S. We define an involution A — > sA of A as follows. Let i £ I; then 
sA is the unique alcove distinct from A which shares with A a face of type s. The 
set of such maps generates a group of permutations of X which is a Coxeter group 
(W,S). In our case, it is the affine Weyl group usually denoted Wo- We regard 
W as acting on the left on A. It acts simply transitively and commutes with the 
action of fi. 

Let L be a weight function on W. In [2], Bremke showed that if a hyperplane H 
in T supports faces of type s,t G S then s and t are conjugate in W which implies 
that L(s) = L(t). Thus we can associate a weight c# G Z to H G T such that 
ch = L(s) if H supports a face of type s. 

Assume that W is not of type A\ or C r (r > 2); Let H,H' be two parallel 
hyperplanes such that H supports a face of type s and H' a face of type s'. Then, 
Bremke [2] proved that s and s' are conjugate. In other words, if W is not of type 
Ai or C r then any two parallel hyperplanes have the same weight. 



4 



JEREMIE GUILHOT 



In this paper, we will often have to distinguish the case where W is of type A\ 
or C r , because of this property. 

In the case where W is of type C r with generators Si, s r+1 and W is generated 
by si, s r , by symmetry of the Dynkin diagram, we can assume that c Sl > c Sr+1 , 
Similarly, if W is of type A\ with generators si, S2 and Wo = (si), we can assume 
that c Sl > c S2 . 

For a O-dimensional facet A of an alcove, define 

m ( A ) = CH - 
Her, \eH 

We say that A is a special point if m(A) is maximal. 

Let T be the set of all special points. For A e T, denote by W\ the stabilizer of 
the set of alcoves containing A in their closure with respect to the action of W on 
X. It is a maximal parabolic subgroup of W. Let S\ = S D W\ and write w\ for 
the longest element of W\. Note that, following j2], and with our convention for 
C r and A\, € V is a special point. Moreover, if A = 6 V, the definition of W\ 
is consistent with the definition of Wo given before. 

Let A be a special point, a quarter with vertex A is a connected component of 

V- U B. 

h, \eH 

It is an open simplicial cone. It has r walls. 

Let H = H a>n e T. Then H divides V — H into two half-spaces 

V+ = {xtV\ (x,&) >n}, 

Vh = {x e V | (x,d) < n}. 

Finally, let Aq be the fundamental alcove defined by 

A o ={ieV r |0<(i,a)<l for all a e $+}. 

Let A E X, w e W. It is well known that the length of w is the number of 
hyperplanes which separate A and wA. 

2.3. Multiplication of the standard basis. Let (W,S) be an irreducible affine 
Weyl group associated to the Weyl group (Wo, So). Recall that, for x,y € W, we 
have 

Tx Ty — ^ fx ,y,z Tz ■ 

After the preparations in 2.2, we will now be able to find a "local" bound for the 
degree of the polynomials f x ,y,z which depends on 6 W. 
For two alcoves A, B e X, let 

H(A, B) = {H eT\H separates A and B}. 

Let T be the set of directions of hyperplanes in T . For i € F , we denote by Ti the 
set of all hyperplanes H £ J 7 of direction i. The connected components of 

are called "strip of direction i". We denote by Ui(A) the unique strip of direction i 
which contains A, for A £ I. There exists a unique a € $ + and a unique n G Z 
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such that 

Ui(A) = {fi e V | n < (n,a) < n+ 1}, 

in other words 

u M) = v+_nv Han+i . 

We say that Ui(A) is defined by H a ri and H a n+ i. 

Note that our definition of strips is slightly different from the one in [2], where 
the strips were the connected components of 

V — I \ H where Cj = max c# . 

In fact, as noticed in Section [2T2| if W is not of type A\ or C r , then the two 
definitions are the same. 

Let a £ Q. Let i, j 6 f such that a(i) — j. We have 

(U i (A))a = U j (A<r) 

and the strip Uj(Aa) is defined by the two hyperplanes (H a ^ ni )a and (-ff Qini +i)<7. 
Let x, y £ W; then we define 

H x , v = {HeF\He H(A , y A ) n # (y^o, ^o)}, 

I x , y = {i€T\3H,H = i,H eH x , y }. 

For i € 7 X)3/J let 

Cx,y(i) = jnax c# 
ffef, h=i, HeH x , v 

and 

C a:,a = y ] c x,y{i)- 

We are now ready to state the main result of this section. 
Theorem 2.4. Let x,y GW and 

T x T v = X! f*-y,z T z where f x . ViZ G A 

Then, the degree of f x ,y,z in v is at most c x , y - 

3. Proof of Theorem 12.41 
In order to prove Theorem 12, 4} we will need the following lemmas. 
Lemma 3.1. Let x,y € W and s G S be such that x < xs and y < sy. We have 

C-xs.y — C-x,sy 

Proof. Let H s be the unique hyperplane which separates yA and syA . Since 
x < xs and y < sy, one can see that 

H(A , yA ) U {H s } = H{A , syA Q ), 

H(A ,yA )n{H s } = <D, 

and 

H{syA , xsyA a ) U {H s } = H(yA , xsyA a ), 
H(syA ,xsyA )n{H s } = 0. 
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Therefore we have 

H x . S y = H(A , syA ) n H(syA , xsyA ) 

= {H(A ,yA ) U {H s }) n H(syA , xsyA ) 

= {H(Ao,yA ) n H(syA , xsyA )) U ({H s } n H(syA , xsyA )) 

= H(A Q ,yA ) n H(syA Q , xsyA ) 

and 

#* s ,s/ = ffMo, zst/A ) n H(A , yA ) 
= (H(syA ,xsyA ) U {H s }) n 

= (H{syAo, xsyAo) H #(4,, yA))) U ({# s } n #(A , j/A )) 
= H(syA , xsyA ) n i?(A , z/A ) 

= H XS y. 

ThllS Cx,sy — Cxs.y- 1—1 

Lemma 3.2. Lei and s € S be such that xs < x and sy < y. We have 

C-xs.sy l£ c x.y- 

Proof. Let H s be the unique hyperplane which separate yAo and syA$. One can 
see that 

H X s.sy H x ,y {-^s}- 

The result follows. □ 

Lemma 3.3. Let x,y GW and s G S be such that xs < x and sy < y. Let H s be 
the unique hyperplane which separates yAo and syAo . Then we have 

and H s G I x y . 

Proof. We have 

sy < y =>■ H s G H(A ,yA ), 
xs < x => H s G H(yA ,xyA a ). 

Thus H s G H x y and H s G I x>y . 

Let a s G $ + and n s G Z be such that if, = H agi n s . Assume that n s > 1 
(the case where n s < is similar). Since H s G ff(.<4o, j/Ao) and yAo has a facet 
contained in H s , we have 

n s < (fi, a s ) < n s + 1 for all ^ G yAo. 

Therefore, for all m > n s , we have H as . m £ H(Ao, yAo). 
Now, since xs < x, we have 

xsyAo C {fi <EV \ n s < {[i, a s )}. 

Therefore, for all m < n s , we have H a ^ m £ H(yAo, xsyAo). Thus, there is no 
hyperplane parallel to H s in H xs , y , as required. □ 

We keep the setting of the previous lemma. We denote by a s the reflection with 
fixed point set H s . Assume that I xs , y ^ and let i G I xs , y - Recall that Ui{yAo) is 
the unique strip of direction i which contains yA . Since i G I xs , y we have 

Ao <t Ui(yA ) and xsyAo <£. Ui{yA ). 
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One can see that one and only one of the hyperplanes which defines Ui(yA ) lies in 
Hxs,y We denote by ifW this hyperplane. 

Let H G H XSjV . By the previous lemma we know that H is not parallel to H s . 
Consider the 4 connected components of V — {H,H S }. We denote by E Ao , E v a , 
E sy A a an d E xsy A Q the connected component which contains, respectively, A , yA , 
syAo and xsyA$. Assume that (H)a s ^ H. Then, we have either 

(H)a s n E yAo + and (H)a s n E Ao ± 

or 

(H)a s n E xsyAo ^ and (H)a s n £ S j,a„ ^ 0- 
Furthermore, in the first case, (H)a s separates E xsy A and E sy A , and, in the 
second case, (H)a s separates E v a and E Ao - In particular, we have 

{H)a s n E yAa ^ (i2> 5 G H(syA , xsyA ) 

{H)a s n E xsyAo ^ =>■ (fl> s G H(Ao,yA ). 

Moreover, we see that 

(H)a s n E yAo ^9 {H)a s G H(syA , xsyA ) 

=> (H)a s G H(yA ,xsyA ), 

since i? s is the only hyperplane in H(yAo, syAo) and (H)a s ^ H s . 

We will say that H G H xs , y is of s-type 1 if (H)a s fl SyAo ^ and of s-type 2 if 
(H)a s n E xsy A„ ^ 0- To sum up, we have 

- if H is of s-type 1 then (H)a s G H(yAo, xsyAo); 

- if if is of s-type 2 then (if)<7 s G H(A ,yA ). 

We illustrate this result in Figure 1. Note that if H,H' G H xs ^ y are parallel, then 
they have the same type. 

s-type 1 s-type 2 




FIGURE 1. s-type 1 and s-type 2 hyperplanes 



Lemma 3.4. Let x,y <EW and s G S be such that xs < x and sy < y. Let H s be 
the unique hyperplane which separates yAg and syAo and let a s be the corresponding 
reflection. The following holds. 
a) Let H G T . We have 

H G H(yA ,xsyA ) => (H)a s G H(yA ,xyA ). 



8 



JEREMIE GUILHOT 



b) Let H £ H xs>y be of s-type 1; then H G H X}V . 

c) Let H £ H XS:V be of s-type 2; then (H)<r s £ H x ,y 

d) Let H £ H XStV such that (H)a s = H ; then H £ H x>y . 

Proof. We prove (a). Let H £ H(yAo, xsyAo). Then (H)a s separates yAou s and 
xsyA Q a s . But we have 

yA Q a s = syA and xsy^o^ = xssyA = xyA . 

Since H H s , we have (H)a s ^ H s and this implies that (H)a s separates yAo 
and zyAo. 

We prove (b). We have H £ H XS)V = H(A ,yA ) n H(yA , xsyAo). The hy- 
perplane i? is of s-type 1 thus {H)a s £ (j/A , xsyA ). Using (a) we see that 
H G H(yA ,xyA ). Therefore, H G ff X) y. 

We prove (c). Since H is of s-type 2 we have {H)a s G -ff(^4 !y^o)- Moreover, 
if G H(yAo, xsyAo) thus, using (a), we see that (H)a s G H{yAo, xyAo). Therefore, 
(H)a s G H x . y . 

We prove (d). Using (a), we see that (H)a s = H G H(yAo, xyAo) and since 
i? G #x S ,« C #(A ,2Mo), we get # G i^. 

□ 

Lemma 3.5. Le£ x,y £ W and s £ S be such that xs < x and sy < y. Let H s be 
the unique hyperplane which separates yAo and syAo. There is an injective map ip 
from I xs . y to l XiV - {H s }. 

Proof. Let <r s be the reflection with fixed point set H s . If J IS]S = then the result 
is clear. We assume that I xs . y ^ 0. We define <p as follows. 

(1) If (H®)*„ G H(A ,yA ) then set <p(i) = a s (i); 

(2) set <p(i) = i otherwise. 

We need to show that (p(i) G I x ,y — {Hs}- The fact that ip(i) H s is a consequence 
of Lemma 1373} where we have seen that H s I X s,y Indeed, since <p(i) is either i or 
o s (i) and i ^ H s we cannot have ip{i) — H s . 

Let i G I xs , y be such that a s (H^) G H(A ,yA ). By Lemma l3~4l (a), we have 
(i s (H^>) G H(yA , xyA ). It follows that a s (H^) G ii^ and a s (i) G 7 x , y as 
required. 

Let i G 1^,3, be such that a s (H (i y) £ H(A , yAo). Then is of s-type 1. By the 
previous lemma we have i?W g ff X)1) and i G / XjJ/ . 

We show that <p is injective. Let i G 4 S!!( be such that <p(i) — <r s (i) and assume 
that a s (i) G I xs , y - We have 

(C7i(t/A ))CT S = U as{i) {syA ) = U^iyAo) 

and (H^)a s is one of the hyperplane which defines U aa u\(yAo). Furthermore 
since (H^)a s G i/(Ao,2/A ) we must have (H^)a s = ffC^'W). It follows that 
(F^.W)) CTa e /f(A , yA ) and p(cr<,(i)) = i. The result follows. □ 

Lemma 3.6. Let x,y G W and s £ S such that xs < x and sy < y. Let H s be the 
unique hyperplane which separates yAo and syAo- We have 

Cxs.y ^ C Xl y Cx,y{H s ) . 

Proof. Let tp be as in the proof of the previous lemma. We keep the same notation. 
If Ixs,y = then the result is clear, thus we may assume that I xs ,y ^ 0. 
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First assume that W is not of type C r (r > 2) or A\. Then any two parallel 
hyperplanes have the same weight, therefore we obtain, for % G I X s,y 

Cxs,y(i) = Cft-(i) . 

Moreover, since ch — C(H)o f° r a U H G T and a 6 fl, one can see that 

Cxs, y (i) = c x , y (cp(i)), 

and the result follows using Lemma [331 

Now, assume that W is of type C r , with graph and weight function given by 

a c c c c b 

o o o o o o 

Si S2 S3 s r-l S r S r+ i 

In |2J, Bremke proved that the only case where two parallel hyperplanes H, H' do 
not have the same weight is when one of them, say H, supports a face of type Si 
and H' supports a face of type s r +i- 

If a = b, then parallel hyperplanes have the same weight and we can conclude as 
before. 

Now assume that a > b. Let i G T be such that not all the hyperplanes with 
direction i have the same weight. Let H — H a n be a hyperplane with direction i 
and weight a. Then if a , n _i and iJ Qj „+i have weight b because otherwise all the 
hyperplanes with direction i would have weight a. 

Let i G I X s,y If no hyperplane of direction i supports a face of type si or s r+ i 
then, as before, we can conclude that 

Cxs,y(i) = C x , y ((p(i)). 

Now, in order to prove that c xs ,y < Cx,y — Cx,y{H s ), the only problem which may 
appear is when there exists i G I xs , y such that 

c xs ,y{i) = a and c x . v ((p(i)) = b. 

Fix such a i G I X s.y We claim that 

(1) ff« is of s-type 1 and (tf w )cr s G H(A a ,yA ); 

(2) a s (i) G I X s, y , <p(<Ti>(i)) = i and 

c X s,y(o- s (i)) = b and Cx,y{i) = a. 

We prove (1). Let j G I xs , y be such that is of s-type 2. Then (H^)a s G 

H(A , yA ) and = cr s {j). Let if G H xs , y be such that 77 = j. Then if is also of 
s-type 2 and (H)a s G ffr, a (see Lemma l3~4l fc)L It follows that c x . v (ip(j j) > c xs , y (j). 
Let j G 4 s , a be such that (H^)a s = ifW. Then (if«)<r s G //(A ,yA ) and 
ip{j) = j. Let if G H xs ,y be such that if — j. Then (H)a s = if and if G H x ,y (see 
Lemma l3T4l fd)). It follows that c Xty {<p{j)) > c xs ,y(j)- 

Finally let j G I XSfV be such that ff (i) is of s-type 1 and £ H(A ,yA ). Then 
= J- Let if G -ffrs^ be such that if = j. Then if is also of s-type 1 and 
H G H x>y (see Lemma GQJb)). It follows that c x , y (ip(j)) > c xs , y (j). 
Thus since c Xty ((p(i)) < c XSt y{i), we get that if (i) is of s-type 1 and (if w )cr s G 
H(A ,yA ), 

We prove (2). We know that if (l) is of s-type 1 and (H^)a s G H(A ,yA ). 
Thus (H^)a s G ffa:,y and </?(i) = cr s (i). In particular, since c x . y {ip{i)) = b, we must 
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have C( H (i)\ as = 6, which implies that c H a) = b. 

Since ifW i s of s-type 1 we have (H^)a s G H(yA ,xsyA ) which implies that 
(H^)a s G H XSiV . Thus cr s (i) £ Ixs.y Arguing as in the proof of Lemma [3,51 we 
obtain (H^)<Ts = ('•(*)) and p(cr a (i)) = i. 

Let a G $ + and n G Z be such that = H a>n . Since Cx SlJ/ (i) = a, one can 
see that one of the hyperplanes H a n _i, H a , n+ i lies in H xs . y . We denote this hy- 
perplane by H. Note that ch — a thus, since c x , y (cr s (i)) = b, we cannot have 
(H)a s G H x , y . Both hyperplanes (H)a s and (H^')a s separate j/A and xyA but 
only (H^)a s lies in -ffz, y . This implies that Aq lies in the strip defined by (H)a s 
and {H^)(T S . Since [H^)a s = ffC^W) this shows that the only hyperplane of 
direction cr s (i) which lies in i?a; S)J/ is fZ"( CT »W) . Thus we have c xs ^(o- s (i)) = 6. More- 
over </?(<7 s (£)) = i and -H" is of s-type 1, thus H G H xy (see Lemma l3~4l (b)) and 
c x,y{i) = a , as required. 

Let 7> be the subset of / KSiJ , which consists of the directions i such that c xs , y (i) = 
a and c ai!/ (<£>(«)) = b. Using (1) and (2), we see that the set <r s (J>) is a subset of 
Ixs,y such that for all i G a s (I>) we have c xs , y {i) = b and c XtV (ip{i)) = a. Therefore 
we can conclude that c xs y < c x y — c x y (H s ) in the case where W is of type C r 
(r>2). 

In the case where W is of type A\, the result is clear, since we always have 
Ixs,y = 0- The lemma is proved. □ 

Proof of Theorem \2.4\ Let x, y G W and 

T X T V = fx, y ,zT z where f x<y<z G A. 
zew 

We want to prove that the degree of f x , y , z in v is less than or equal to c x , y . We 
proceed by induction £(x) + £(y). 
If £{x) + £(y) = the result is clear. 

If Cx,y = then H x>y = and xy = x.y. Thus T x T y = T xy and the result follows. 
We may assume that H x ^ y ^ 0, which implies that £{x) > and £(y) > 0. Let 
x = Sk ■ ■ ■ Si be a reduced expression of x. There exists 1 < i < k such that 

£(si-i . . . s\y) = £{y) + and SiSi-i ...siy< s, ; _i . . . s x y. 

Let Xq = Sk ■ ■ ■ Si and yo = • ■ ■ Sty. Let H Si be the unique hyperplane which 
separates yoA) and SiyoA^. Note that ch 3 . — L{si). We have 

T T — T T 

J -x J -y — I io I !/o 

Using Lemma l3"TT| we obtain c x , y = c Xo , yo . We have 
T — T T T 

J 2:0,2/0 — J -s k ...s i + 1 J-s i ^y 

= T Sk ._ Si+1 (T Si y + £ Si T yo ) 

= T Sk ... Si+1 T Si y + c,siT Sk ,,, Si+1 T yo 

— T XaSi T Siyo + £,siT XaSi T yo 

By induction, T XoSi T Siyo is an ,4-linear combination of T z with coefficients of degree 
less than or equal to c XaSuSi yo ■ Using Lemma[321 we have c XoSi . Si y < c x ,y = c x,y- 
By induction, T XoSi T yo is an A- linear combination of T z with coefficients of degree 
less than or equal to c X[)Si . yo . Therefore the degree of the polynomials occurring in 
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£,siT XoSi T yo is less than or equal to L(si) + c XoSi . Vo . Applying Lemma [3^61 to xq and 
yo we obtain 

c x Si,y — c x ,y ~ c x ,y {H Si ) 

Since c XOyyo {H Si ) > ch s . = L(si) we obtain 

L(Si) + Cxosi.yo — c xo,ya c x,y 

The theorem is proved. 

□ 

4. The lowest two-sided cell 

4.1. Kazhdan-Lusztig cells. Let (W, S) be a Coxeter group and L a weight 
function on W. Let A = Z[v,i> -1 ] and H be the generic Iwahori-Hecke algebra 
corresponding to (W,S) with parameters {L(s)\s G S}. 

Let a^tabe the involution of A which takes v n to v~ n for all n G Z. We can 
extend it to a ring involution from H to itself by the formula 

y"l a w T w = ^2 a w T^ , where a w e A. 

Let A<o = Z[v _1 ] and A<o — i> _1 Z[?; -1 ]. For w£f there exists a unique element 
C w G H such that 

Cu? and -f- ^ ^ Py,wPwj 

y<£W 
y<w 

where P y . w G ^4<o for y < w. In fact, the set {C w ,w G W} forms a basis of Ti., 
known as the Kazhdan-Lusztig basis. The elements P ViW are called the Kazhdan- 
Lusztig polynomials. We set P w ,w — 1 for any w G W. 

The Kazhdan-Lusztig left preorder <l on W is the relation generated by 

y <l w if there exists some seS such that C y appears with 
a non-zero coefficient in T S C W , expressed in the C m -basis 

One can see that 

nc w c Ac v for an y weW. 

v<lw 

The equivalence relation associated to <l will be denoted by ~l and the corre- 
sponding equivalence classes are called the left cells of W. Similarly, we define <r, 
~r and right cells. We say that x <lr y if there exists a sequence 

x — Xq , X \ , . . . , x n y 

such that for all 1 < i < n we have Xi-\ <l Xi or Xi-\ <r X{. We write ~l_r for 
the associated equivalence relation and the equivalence classes are called two-sided 
cells. The preorder <lr induces a partial order on the two-sided cells of W. 

4.2. The lowest two-sided cell. Let (W, S) be an irreducible affine Weyl group. 
In this section, we look at the set 

c = {w e W I w = z'.w\.z, z,z' £W, A G T} 

where T is the set of special points (see Section 2) . We show that cq is the lowest 
two-sided cell and we determine the decomposition of cq into left cells. 
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Recall that, for A a special point, W\ is the stabilizer in W of the set of alcoves 
containing A in their closure, w\ is the longest element of W\ and S\ = S (~l W\. 
In particular, we have 

sw\ < w\ for any s G S\. 
For A G T and z G VF such that wa z = ^a-- 2 , we set 

A^,* = {w£W\w = z'.w x .z, z G W}. 

In Proposition 5.1], it is shown that N\ iZ is included in a left cell. 

For A G T, we set 

Ma = {z G W | w\z = w\.z, sw\z cq for all s G S\}. 

Following [5] , we choose a set of representatives for the ri-orbits on T and denote 
it by R. Then 

Co = [J AT\,z (disjoint union) 

Aeft, z£M x 

It is known ([9]) that this is a union over \W \ terms. 

We are now ready to state the main result of this paper. 

Theorem 4.3. Let A G T and z G M\. The set N\ >z is a union of left cells. 
Furthermore, for y 6 W and w G N\^ z , we have 

y < L w y G N x ,z- 

The proof of this theorem will be given in the next section. We now discuss a 
number of consequences of Theorem 14.31 

Corollary 4.4. Let A G T and z G M\. Then, the set N\ >z is a left cell. 

Proof. The set N\ xZ is a union of left cells which is included in a left cell (see [2 
Proposition 5.1]). Hence it is a left cell. □ 

The next step is to prove the following. 

Proposition 4.5. The set cq is included in a two-sided cell. 

Proof. Let R = {X%, A„} be a set of representatives for the fi-orbits on T. For 
example, if W is of type G 2 we have n = 1 and if W is of type B n (n > 3) we have 
n = 2. Set 

c a, — {w e W\ w — z'.w\ z .z, z,z' G W} 

One can see that 

i—n 

c ° = U cx ' 

1=1 

and for 1 < i < j < n we have (~l c Xj ^ 0. Therefore to prove the proposition, it 
is enough to show that each of the set is included in a two-sided cell. 

Fix 1 < i < n. Let w, w' G c\ t and z, z', y,y' €W be such that w — z'.w\ i .z and 
w 1 = y'.w^.y. Using [2 Proposition 5.1], together with its version for right cells, 
we obtain 

z'w\ t z ~ L w Xi z ~_r w Xi y y'w\ t y. 
The result follows. □ 

Finally, combining the previous results of Shi, Xi and Bremke with Theorem l4.3l 
we now obtain the following description of the lowest two-sided cell in complete 
generality. 
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Theorem 4.6. Let W be an irreducible affine Weyl group with associated Weyl 
group Wq. Let 

c = {w G W\ w = z'.wx.z, z, z' G W, A e T) 
where T is the set of special points. We have 

(1) Co is a two-sided cell. 

(2) Co is the lowest two-sided cell for the partial order on the two-sided cell 
induced by the preorder <lr- 

(3) Co contains exactly \Wo\ left cells. 

(4) The decomposition of Co into left cells is as follows 

co = (J N x . z . 

XeR, zeAh 

Proof. We have seen that Co is included in a two-sided cell. Let w G c and y G W 
such that y ~lrw. In particular we have y <lr. w. We may assume that y <l w 
or y <r w. We know that 

co = IJ JV A ,,. 

XeR, zeM x 

Thus w G -/Va, 2 for some A G R and z G Af>- H y <l w then, using Theorem 14.31 
we see that y G N\ yZ and thus y G cq. If y <_r w then using [3 §8.1], we have 
y^ 1 <l w . But Co is stable by taking the inverse, thus, as before, we see that 
y^ 1 G Co and y G cq. This implies that Co is a two-sided cell and that it is the 
lowest one with respect to <lr- 
By |9], we know that 

co = |J N x ,z 

XeR, z£M x 

is a disjoint union over \Wq\ terms. By Corollary 14.41 the result follows. □ 

5. Proof of Theorem 14.31 

We keep the setting of the previous section. For A G T we denote by Xx the set 
of minimal left coset representatives of Wx in W, that is 

X x := {w G W\e{ws) > i(w) for all s G S x }. 

One can easily check that 

Xx = {z E W\zwx = z.wx} and X^ 1 = {z G VKIwa-z = wx-z}. 

Let A G T and z G X^ 1 . For z' G W, we have the following equivalence 

z'wxz — z'.wx.z z G Xx- 

Indeed, if z'wxz — z'.wx-z then we must have z'wx = z'.wx and z' G Xx- Con- 
versely, if z' G then since z G X^ 1 we have z'wxz = z'.wx-z (see [51 Lemma 
3.2]). Therefore we see that 

Nx, z = {w G VF|w = xwaz, a; G X x }. 

5.1. Preliminaries. 

Lemma 5.2. Let A G T, z G Ma, y G Xx and v\ < wxz. Then, P VltWxZ T y T Vl is 
an A-linear combination of T z > (z 1 G W) with coefficient in A<q. 
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Proof. We can write uniquely v\ = w.v', where w G W\ and v' G X^ 1 (see [U 
Proposition 2.1.1]). First, assume that w = In that case, we have yvi = y.vi 
and T y T Vl = T yvi . Since P Vl , Wx z G .4<o the result follows. 

Next, assume that w < w\. Let w„j € W such that tu^iz; = w\. The Kazhdan- 
Lusztig polynomials satisfy the following relation (see (7] Theorem 6.6.c]) 

Px.w = v~ Li - s ) P sx ,w, where x < sx and sw < w . 
Therefore, one can see that 

(1) P Vl , wx z G v- L< - w ^A <0 if w x .v' < w xZl 

(2) P VuWxZ = v- L ^ if w x .v' = w x z. 

Thus, to prove the lemma, it is sufficient to show that the polynomials occurring 
in the expression of T y T Vl in the standard basis are of degree less than or equal to 
L(w Vl ) in the first case and L(w Vl ) — 1 in the second case. 

Using Theorem 12.41 we know that the degree of these polynomials is less than 
or equal to c VtVl (for the definition of c y<Vl , see Section 2.3). 

Let w Vl — s„...s m +i and w = s m ...si be reduced expressions, and let Hi be 
the unique hyperplane which separates Si-i...s±v' Aq and Si...s\v' A$. Note that 
CHi = L(si). Let A' be the unique special point contained in the closure of v'Ao 
and w\v'A (note that W\< — W\). By definition of X\, yv\A lies in the quarter 
C with vertex A' which contains viAq. 

Let 1 < i < m. Let and k G Z such that Hi = H ai ±. Assume that k > 
(the case k < is similar). We have ViAq G Vjj. . Now, since A' lies in the closure 
of v\A and A' € Hi, one can see that 

k < (fi, di) < k + 1 for all /i G ViAq. 

Moreover, yviAo G C implies that 

k < ((U, di) for all fi G yviAg. 

From there, we conclude that all the hyperplanes H ai j with I < k do not lie 
in H(viA , yviA ) and that all the hyperplanes H ai ^ with I > k do not lie in 
H(Aq,v\Aq). Thus Hi I y ,vi and we have 



Iy,v\ G {7? m _|_i , . . . , H n j , 

which implies 

i—n 

c V,vx ^ t c y,vi{H'i)- 

i=m-\-l 

Now, if W is not of type C r or A\ then any two parallel hyperplanes have same 
weight and we have 

c Vl {Hi) = |° if * ^ 

1 L(s;) otherwise. 

Thus 

i—n 
i=m-\-l 

as required in the first case. 

Assume that W is of type C r or Ai. Then, one can see that, since A' is a special 
point, we have for all 1 < i < n, CH t = cjj- = L(si) and we can conclude as before. 
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Assume that we are in case 2. Let j £ T . Recall that in |2|, the author defined 
the strip of direction j as the connected component of 

V — II H, where Cj — max ch ■ 

— H. H=i 

C H =Cj 

To avoid confusion, we will call them maximal strips of direction j. Let 

U(A) |J U. 

U maximal strip, AcU 

Now, v\ — w.v' < w\v' = W\Z with z £ M\. Recall that 

M\ = {z £ W | w\z = w\.z, sw\z £ co for all s £ S\} 

thus v\ — w.v' £ Co. In [TJ, Bedard showed (in the equal parameter case) that the 
lowest two-sided cell Co can be described as follows 

Co = { W g W | wA <t U(A )}. 

In [2], Bremke proved that this presentation remains valid in the unequal parameter 
case. Therefore since v\A ^ cq, we have v\A$ £ U(A ) and there exists a maximal 
strip U which contains A and viA . Let 1 < k < n be such that U is of direction 
Hk- For 1 < i < m, the hyperplane Hi separates A and v\Aq and cn i = c-jj-, thus 
we must have k > m. 

If is not of type C r or A\, then our strips and the strips as defined in [2] are 
the same. Therefore, since Aq and ViAq lie in U, we have Hk £ I VtVl and 



< ^ Cy tVl (Hi) < ^2 L(si) < L(w Vl ), 



i=m-\-l i— m+1 

as required. 

Assume that W is of type C r or Ai. First, if all the hyperplanes with direction 
Hk have same weight, then we have Hk £ I VtVl and we can conclude as before. 
Assume not, then we must have cn h = cj^ (since A' £ Hk) and there is no hyper- 
plane of direction Hk and maximal weight which separates Aq and ViAq. Therefore 

i—n i—n 
^ \ „ ( IT.\ ^ 

L V,vi 

i=m-\-l i— m+1 i—m+1 

i^k 

as required. □ 

5.3. Proof of Theorem I4.3L In this section we fix A £ T and z £ M\. We set 

ti = i«az. The following argument is inspired by a paper of Geek [3]. 

Lemma 5.4. The submodule A4 :— {T X C V | x £ Aa).a C H is a left ideal. 

Proof. Since H is generated by T s for s 6 S, it is enough to check that T S T X C V £ M. 
for x £ X\. According to Deodhar's lemma (see (4| Lemma 2.1.2]), there are three 
cases to consider 

(1) sx £ X\ and £(sx) > £(x). Then T S T X C V — T SX C V £ A4 as required. 

(2) sa; £ X\ and ^(sar) < Then T S T X C V = T SX C V + (v s - v~ l )T x C v £ M 
as required. 
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(3) t := x sx 6 S\. Then £{sx) = £(x) + 1 = £(xt). Now, since < v, we 
have (see in [3 §5.5, Theorem 6.6.b]) 

T t C v = v L ^C v . 

Thus, we see that 

TsT x C v — T SX C V — TxtCy — T X T^C V — v ^ ^T X C V 
which is in M as required. 

□ 

Note that {T y C v | y G X\} is an ^4-linearly independent subset of TL. Indeed, 
for y G X\ we have 

TyC V TyTy ^ ^ Pu^TyTu 

= T yv + an A- linear combination of T w with £(w) < £{yv). 

So, by an easy induction on the length and since the T z form a basis of H, we get 
the result. It follows that {T y C v \ y G X\] is a basis of M. Following |3j, we shall 
now exhibit another basis of M . 

Lemma 5.5. Let y G X\. we can write uniquely 

Ty-iCv — ^ ^ r x ^yT x C v : r x ^y G A. 
xex x 

where r y ^ y = 1 and r x ,y = unless x < y. 
Proof. We have 

T y-i = T V + ^Rz,yT z . 

z<y 

where R V:V G A (see [3 §4]). Now let z G W be such that T z occurs in the above 
expression. We can write z uniquely under the form x.w with w G W\ and x G X\ 
(see [H Proposition 2.1.1]). Note that x < z < y. Since xw = x.w, we have 
T z = T X T W and 

T~\C V = T y C v + an ,4-linear combination of T X T W C V , where x < y 

Since w G W x , we know that £(ww\) = t(w\) - £(w) and T W C V = v L(w) C v . There- 
fore we see that r yiV — 1 and r XjV — unless x < y. □ 

Lemma 5.6. Let x, y G X\. We have 

zdX x 
x<z<y 

Proof. The proof is similar to the one in [3], once we know that {T y C v \ y G X\} 
is an ,4-linearly independent subset of H. □ 

Proposition 5.7. For any y G X\, we have 

Cy V = TyC v + ^ P* x ,yTxC v where p* y G A<Q ■ 

xEX x , x<y 
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Proof. Fix y £ X\ and consider a linear combination 

Cyv := ^ ] Px,y^xC v 
x£X\ ,x<_y 

where p* y — 1 and p* x y £ .4<o if a; < y. 

Our first task is to show that the p* -polynomials can be chosen such that 
C yv — C yv . In order to do so, we proceed as in the proof of the existence of 
the Kazhdan-Lusztig basis in [6]. We set up a system of equations with unknown 
the p* -polynomials and then use an inductive argument to show that this system 
has a unique solution. 

As in [3], one sees that the condition C yv = C yv is equivalent to 

p* xy f z _ x — p* zy for all z £ X\ such that z < y. 

x£X\ ^z'Cx'Cy 

In other words, the coefficient p* y must satisfy 

Ply = 1. (!) 

P*x,y-P*x, y = Y r x , z p* z y for x £ X x , x < y. (2) 

zex x 

x<z<y 

We now consider (1) and (2) as a system of equations with unknown p* y (x £ X\). 
We solve it by induction. Let x £ X\ be such that x < y. If x = y, we set p* y y = 1, 
so (1) holds. 

Now assume that x < y. Then, by induction, p* zy (z £ X\) are known for all 
x < z < y and they satisfy p* y £ A<o if z < y. In other words, the right-hand side 
of (2) is known, we denote it by a £ A. 

Using Lemma [5.61 and the same argument as in [3] yields a = —a. Thus the 
identity p* y — p* y = a together with the condition that p* y £ A<o uniquely 
determine P XtV - 

We have proved that the coefficient 

Px y Cclfl be chosen such that C yv is fixed by 
the involution h — » h. Furthermore, we have 

Cyv — T y C v -\- ^ y p x y T x C v 

x<y 
xGX x 



T y (T v + P Vl ,vT Vl ) + Px,yTx{ Pv 1 .vT Vl ) 

v±<v x<y v\<v 

x&Xx 

'Py'Py ~f" ^ ^ J Py\^yPyPy\ ^ ^ ^ ] Px^y/^^l ^V^X^Vx ' 



v±<y x<y vi<1) 

xex x 

Now, in the above expression, the elements of the form P Vl<v T x T Vl , with x £ X\ 
and vi < v, can give some coefficient in .4>o (compare to the situation in |3J). 
However, by Lemma f5T2| we get 

C yv — T yv + an .4<o-linear combination of T z with £(z) < £(yv) 

and then by definition of the Kazhdan-Lusztig basis, we conclude that C yv — C yv 
as required. □ 
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Corollary 5.8. We have 



M = (C yv \ye X X ) A . 



Proof. Let y 6 X\. By Proposition 15 . 71 we have 




Thus C yv G M.. Now, by a straightforward induction, we see that 



T V C V — C yv + a ^4-linear combination of C L 



which yields the required assertion. 



□ 



We can now prove Theorem 14.31 
Recall that 



Nx, z = {w G W I w = xv, x G X\}. 



Let y G X\. Let z £ W such that z <l yv. We want to show that z £ N\, z - 
To prove the theorem it is enough to consider the case where C z appears with a 
non-zero coefficient in T s C yv for some s G S. By Corollarv l5.8[ C yv G A4. Since M. 
is a left ideal, we know that T s C yv G A4. Using Corollary 15.81 once more, we obtain 



and this expression is the expression of T s C yv in the Kazhdan-Lusztig basis of H. 
We assumed that C z appears with non zero coefficient in that expression, therefore 
there exists y\ G X\ such that z = y\v, and z G A?a,z as required. The theorem 
follows. 
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